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Abstract
We analyze the dispersion modes of hot plasma around Schwarzschild
de-Sitter event horizon in the presence of Veselago medium. For this
purpose, we apply ADM 3 + 1 formalism to develop GRMHD equa-
tions for the Schwarzschild de-Sitter spacetime. Implementation of
linear perturbation yields perturbed GRMHD equations that are used
for the Fourier analysis of rotating (non-magnetized and magnetized)
plasma. Wave analysis is described by the graphical representation
of the wave vector, refractive index, change in refractive index, phase
and group velocities. The outcome of this work supports the validity
of Veselago medium.
Keywords: 3 + 1 formalism; SdS black hole; GRMHD equations; Veselago
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1 Introduction
Plasma is a distinct state of matter with a collection of free electric charge
carriers which behave collectively and respond strongly to electromagnetic
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fields. Debye shielding effect is the common example of collective effects of
the plasma particles. The number density of positively charged particles re-
mains almost the same as that of negatively charged particles to preserve the
state of quasi-neutrality. Plasma is formed by the recombination of free elec-
trons and ions, so it must have thermal energies to overcome the coupling of
charged particles and can interact with electromagnetic fields. The nature of
particle interactions distinguish between weakly and strongly ionized plasma.
In weakly ionized plasma, charge-neutral interactions dominate the multiple
Coulomb interactions, otherwise it is strongly ionized [1]. It is mentioned
here that the most general plasma is hot and highly ionized [2].
Black holes are amongst the mysterious compact objects, depicting re-
gion of space with strong gravitational field that nothing not even light can
escape from it. According to the predictions of relativists, black holes are
formed when matter is compressed to a point. These are commonly created
from deaths of massive stars or by collapse of a supergiant star. Black holes
contain the energy flux which generates a relatively large magnetic field [3].
The theory of magnetohydrodynamics (MHD) is developed for the study of
plasma flow having both positive and negative charge carriers. This describes
the study of plasma flow in the presence of magnetic field. The MHD theory
along with the effects of gravity is said to be general relativistic magneto-
hydrodynamics (GRMHD). The strong gravity of black hole perturbs the
magnetospheric plasma. The theory of GRMHD is the most active field of
study to examine the dynamics of magnetized plasma and impressions of
black hole gravity.
The de-Sitter black hole is a vacuum solution of the Einstein field equa-
tions with a positive cosmological constant [4]. The Schwarzschild de-Sitter
(SdS) spacetime expresses a black hole describing a patch of the de-Sitter
spacetime. Inclusion of the positive cosmological constant in the Schwarzschild
spacetime leads to SdS black hole which is non-rotating, thus plasma in mag-
netosphere falls along the radial direction. Current observations indicate that
our universe is accelerating, inclusion of positive cosmological constant leads
to the expanding universe [5]-[7]. Thus our universe approaches to de-Sitter
universe in far future.
Regge and Wheeler [8] and Zerilli [9] investigated the stability and grav-
itational field of the Schwarzschild black hole with the help of non-spherical
perturbations. Petterson [10] found that gravitational field is more strong
near the surface of non-rotating black hole. Price [11] explored the dynamics
of nearly spherical star by considering linear perturbation. Gleiser et al. [12]
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discussed the stability of black holes by applying second order perturbations.
The more appropriate approach towards General Relativity is to decom-
pose metric field into layers of three-dimensional spacelike hypersurfaces and
one-dimensional time, called as ADM 3+1 formalism, presented by Arnowitt,
Deser and Misner (ADM) [13]. Thorne and Macdonald [14] examined that
3 + 1 split is suitable approach for black hole theory. Smarr and York [15]
used ADM formalism to explain spacetime kinematics numerically. Israel
[16] studied event horizons in static vacuum and static electro-vacuum space-
times. Zhang [17] reformulated the laws of perfect GRMHD for the general
line element and discussed the significant features of stationary symmetric
GRMHD solutions. The same author [18] studied the dynamics of rotating
black hole. Buzzi et al. [19] investigated wave analysis of two fluid plasma
model around Schwarzschild event horizon.
Rezolla et al. [20] considered the effects of cosmological constant and
provided the dynamics of thick disks around SdS black hole. Myung [21]
studied the entropy change for SdS black hole. Suneeta [22] presented the
quasinormal modes for scalar field perturbations of SdS black hole. Ali and
Rahman [23] investigated transverse wave propagation in two fluid plasma for
SdS black hole. Sharif and his collaborators [24]-[27] found dispersion modes
of cold and isothermal plasmas for non-rotating as well as rotating black
holes in the usual medium. They have also investigated the wave properties
around Schwarzschild magnetosphere for the hot plasma.
Artificial materials which exhibit unusual electromagnetic properties are
termed as metamaterials. Veselago medium is the well-known metamate-
rial named after Russian physicist Veselago [28], which has negative elec-
tric permittivity and magnetic permeability simultaneously. It has various
names, double negative medium (DNM), backward wave medium (BWM),
left-handed medium (LHM), negative refractive index medium (NIM) or neg-
ative phase velocity medium (NPV). Many people [29]-[33] have explored the
unusual properties of such a medium. Ziolkowski and Heyman [34] provided
wave properties of NPV both analytically and numerically. Ramakrishna
[35] discussed the importance of NIM for the perfect lensing. Sharif and
Mukhtar [36] explored wave properties around Schwarzschild magnetosphere
for isothermal as well as hot plasma in this unusual medium.
In a recent paper (Sharif and Noureen, submitted), we have extended
this study to SDS black hole for isothermal plasma. Here we investigate
wave analysis of hot plasma for SdS black hole in NPV. For this purpose,
the 3+1 GRMHD equations are considered to determine dispersion relations
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with the help of Fourier analysis after insertion of linear perturbation to the
GRMHD equations for both non-magnetized and magnetized backgrounds.
The three dimensional plot of wave vector, refractive index and change in
refractive index describes the wave properties of hot plasma. The paper is
arranged as follows: In section 2, linearly perturbed 3 + 1 GRMHD equa-
tions and their Fourier analysis is considered for hot plasma. The Fourier
analyzed form of the GRMHD equations for rotating (non-magnetized and
magnetized) plasmas are taken in sections 3 and 4 respectively to discuss the
corresponding wave properties. Last section provides the conclusion.
2 GRMHD Equations for Hot Plasma in a
Veselogo Medium
The general line element in ADM 3 + 1 formalism is represented as follows
[18]
ds2 = −α2dt2 + ηij(dxi + βidt)(dxj + βjdt). (2.1)
Here α denotes lapse function (ratio of FIDO proper time to universal time
i.e., dτ
dt
), a natural observer linked with this spacetime is called fiducial ob-
server (FIDO), βi describes three-dimensional shift vector and ηij (i, j =
1, 2, 3) denote the components of three-dimensional spacelike hypersurfaces.
The SdS spacetime in Rindler coordinates is given by [23]
ds2 = −α2(z)dt2 + dx2 + dy2 + dz2, (2.2)
where the directions z, y and x are analogous to the Schwarzschild coordi-
nates r, φ and θ respectively. The SdS black hole is non-rotating, thus the
shift vector vanishes. From the comparison of Eqs.(2.1) and (2.2), we have
α = α(z), β = 0, ηij = 1 (i = j). (2.3)
Appendix provides the 3+1 GRMHD equations for the line element (2.2)
in a Veselago medium, i.e. Eqs.(A5)-(A9). The equation of state for hot
plasma is [17]
µ =
ρ+ p
ρ0
, (2.4)
where the rest mass density, moving mass density, pressure and specific en-
thalpy are denoted by ρ0, ρ, p and µ respectively. For hot plasma, the
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specific enthalpy is not constant which shows that there is energy exchange
between plasma and magnetic field of fluid. The 3 + 1 GRMHD equations
((A5)-(A9)) for hot plasma around the SdS black hole takes the form
∂B
∂t
= −∇× (αV×B), (2.5)
∇.B = 0, (2.6)
∂(ρ + p)
∂t
+ (ρ+ p)γ2V.
∂V
∂t
+ (ρ+ p)γ2V.(αV.∇)V
+(ρ+ p)∇.(αV) = 0, (2.7){(
(ρ+ p)γ2 +
B2
4π
)
δij + (ρ+ p)γ
4ViVj − 1
4π
BiBj
}(
1
α
∂
∂t
+V.∇)V j + γ2Vi(V.∇)(ρ+ p)−
(
B2
4π
δij − 1
4π
BiBj
)
V
j
,kV
k
= −(ρ+ p)γ2ai − p,i + 1
4π
(V×B)i∇.(V×B)− 1
8πα2
(αB)2,i
+
1
4πα
(αBi),jB
j − 1
4πα
[B× {V× (∇× (αV×B))}]i, (2.8)
(
1
α
∂
∂t
+V.∇)(ρ+ p)γ2 − 1
α
∂p
∂t
+ 2(ρ+ p)γ2(V.a) + (ρ+ p)
γ2(∇.V)− 1
4πα
(V×B).(V× ∂B
∂t
)− 1
4πα
(V×B).(B× ∂V
∂t
)
+
1
4πα
(V×B).(∇× αB) = 0. (2.9)
We assume that for rotating background plasma flow is in two dimensions,
i.e., in xz-plane. Thus FIDO’s measured velocity V and magnetic field B
become
V = V (z)ex + u(z)ez, B = B[λ(z)ex + ez], (2.10)
where B is an arbitrary constant. The following expression provides the
relation between the quantities λ, u and V [24]
V =
V F
α
+ λu, (2.11)
where V F is constant of integration. The Lorentz factor, γ = 1√
1−V2
, takes
the form
γ =
1√
1− u2 − V 2 . (2.12)
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Strong gravity of black hole perturbs the plasma flow. To determine the
effect of black hole gravity on plasma flow, we apply linear perturbation. The
flow variables (mass density ρ, pressure p, velocity V and magnetic field B)
become
ρ = ρ0 + δρ = ρ0 + ρρ˜, p = p0 + δp = p0 + pp˜,
V = V0 + δV = V0 + v, B = B0 + δB = B0 +Bb, (2.13)
where ρ0, p, V0 and B0 represent the unperturbed quantities. The linearly
perturbed quantities are denoted by δρ, δp, δV and δB. We introduce the
following dimensionless quantities ρ˜, p˜, vx, vz, bx and bz which correspond
to the perturbed quantities
ρ˜ = ρ˜(t, z), p˜ = p˜(t, z), v = δV = vx(t, z)ex + vz(t, z)ez,
b =
δB
B
= bx(t, z)ex + bz(t, z)ez. (2.14)
After the insertion of linear perturbations in the perfect GRMHD equations
(Eqs.(2.5)-(2.9)) and using Eq.(2.14), the component form of linearly per-
turbed GRMHD equations become [36]
1
α
∂bx
∂t
− ubx,z = (ubx − V bz − vx + λvz)∇ lnα
−(vx,z − λvz,z − λ′vz + V ′bz + V bz,z − u′bx), (2.15)
1
α
∂bz
∂t
= 0, (2.16)
bz,z = 0, (2.17)
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ρ
1
α
∂ρ˜
∂t
+ p
1
α
∂p˜
∂t
+ (ρ+ p)γ2V (
1
α
∂vx
∂t
+ uvx,z) + (ρ+ p)γ
2u
× 1
α
∂vz
∂t
+ (ρ+ p)(1 + γ2u2)vz,z = −γ2u(ρ+ p)[(1 + 2γ2V 2)V ′
+2γ2uV u′]vx + (ρ+ p)[(1− 2γ2u2)(1 + γ2u2)u
′
u
−2γ4u2V V ′]vz, (2.18){
(ρ+ p)γ2(1 + γ2V 2) +
B2
4π
}
1
α
∂vx
∂t
+
{
(ρ+ p)γ4uV − λB
2
4π
}
× 1
α
∂vz
∂t
+
{
(ρ+ p)γ2(1 + γ2V 2) +
B2
4π
}
uvx,z +
{
(ρ+ p)γ4uV
−λB
2
4π
}
uvz,z − B
2
4π
(1 + u2)bx,z − B
2
4πα
{
α′(1 + u2) + αuu′
}
bx
+γ2u(ρρ˜+ pp˜)
{
(1 + γ2V 2)V ′ + γ2uV u′
}
+ γ2uV (ρ′ρ˜+ ρρ˜′
+p′p˜+ pp˜′) + [(ρ+ p)γ4u
{
(1 + 4γ2V 2)uu′ + 4V V ′(1 + γ2V 2)
}
+
B2uα′
4πα
+ γ2u(1 + 2γ2V 2)(ρ′ + p′)]vx + [(ρ+ p)γ
2
{
(1 + 2γ2u2)
(1 + 2γ2V 2)V ′ − γ2V 2V ′ + 2γ2(1 + 2γ2u2)uV u′}− B2u
4πα
(λα)′
+γ2V (1 + 2γ2u2)(ρ′ + p′)]vz = 0, (2.19){
(ρ+ p)γ2(1 + γ2u2) +
λ2B2
4π
}
1
α
∂vz
∂t
+
{
(ρ+ p)γ4uV − λB
2
4π
}
× 1
α
∂vx
∂t
+
{
(ρ+ p)γ2(1 + γ2u2) +
λ2B2
4π
}
uvz,z +
{
(ρ+ p)γ4uV
−λB
2
4π
}
uvx,z +
λB2
4π
(1 + u2)bx,z +
B2
4πα
{(αλ)′ − α′λ+ uλ(uα′
+u′α)} bx + (ρρ˜+ pp˜)γ2
{
az + uu
′(1 + γ2u2) + γ2u2V V ′
}
+(1 + γ2u2)(p′p˜+ pp˜′) + γ2u2(ρ′ρ˜+ ρρ˜′) + [(ρ+ p)γ4
×{u2V ′(1 + 4γ2V 2) + 2V (az + uu′(1 + 2γ2u2))} − λB
2uα′
4πα
+2γ4u2V (ρ′ + p′)]vx + [(ρ+ p)γ
2
{
u′(1 + γ2u2)(1 + 4γ2u2)
+2uγ2(az + (1 + 2γ
2u2)V V ′)
}
+
λB2u
4πα
(αλ)′ + 2γ2u(1
+γ2u2)(ρ′ + p′)]vz = 0, (2.20)
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1α
γ2ρ
∂ρ˜
∂t
+
1
α
γ2p
∂p˜
∂t
+ γ2(ρ′ + p′)vz + uγ
2(ρρ˜,z + pp˜,z + ρ
′ρ˜+ p′p˜)
− 1
α
p
∂p˜
∂t
+ 2γ2u(ρρ˜+ pp˜)az + γ
2u′(ρρ˜+ pp˜) + 2(ρ+ p)γ4(uV ′
+2uV az + u
′V )vx + 2(ρ+ p)γ
2(2γ2uu′ + azγ
4 + 2γ2u2az)vz +
2(ρ+ p)γ4uV vx,z + (ρ+ p)γ
2(1 + 2γ2u2)vz,z − B
2
4πα
[(V 2 + u2)λ
∂bx
∂t
+(V 2 + u2)
∂bz
∂t
− λV (λV + u)∂bx
∂t
− u(λV + u)∂bz
∂t
]− B
2
4πα
×[λ(λV + u)vx,t + (λV + u)vz,t − (λ2 + 1)V vx,t − (λ2 + 1)uvz,t]
+
B2
4π
(λλ′vz − λ′vx − λ′V bz + λ′ubx − V bx,z + uλbx,z) = 0. (2.21)
For the Fourier analysis of the linearly perturbed GRMHD equations, we
take the following harmonic spacetime dependence
ρ˜(t, z) = c1e
−ι(ωt−kz), p˜(t, z) = c2e
−ι(ωt−kz),
vz(t, z) = c3e
−ι(ωt−kz), vx(t, z) = c4e
−ι(ωt−kz),
bz(t, z) = c5e
−ι(ωt−kz), bx(t, z) = c6e
−ι(ωt−kz), (2.22)
where ω represents angular frequency and k denotes the z-component of the
wave vector (0, 0, k). The wave vector is helpful to determine refractive index
and the properties of plasma about the event horizon. Frequency dependence
effects on the wave propagating in a medium are related to dispersion. Using
Eq.(2.22) in Eqs.(2.15)-(2.21), we obtain their Fourier analyzed form
c4(α
′ + ιkα)− c3 {(αλ)′ + ιkαλ } − c5(αV )′ − c6{(αu)′ − ιω
+ιkuα} = 0, (2.23)
c5(
−ιω
α
) = 0, (2.24)
c5ιk = 0, (2.25)
c1(
−ιω
α
ρ) + c2(
−ιω
α
p) + c3(ρ+ p)[
−ιω
α
γ2u+ (1 + γ2u2)ιk
−(1 − 2γ2u2)(1 + γ2u2)u
′
u
+ 2γ4u2V V ′] + c4(ρ+ p)γ
2[(
−ιω
α
+ιku)V + u(1 + 2γ2V 2)V ′ + 2γ2u2V u′] = 0, (2.26)
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c1[ργ
2u{(1 + γ2V 2)V ′ + γ2V uu′}+ γ2V u(ρ′ + ιkρ)]
+c2[pγ
2u{(1 + γ2V 2)V ′ + γ2V uu′}+ γ2V u(p′ + ιkp)]
+c3[(ρ+ p)γ
2{(1 + 2γ2u2)(1 + 2γ2V 2)V ′ + (−ιω
α
+ ιku)γ2V u
−γ2V 2V ′ + 2γ2(1 + 2γ2u2)uV u′}+ γ2V (1 + 2γ2u2)(ρ′ + p′)
−B
2u
4πα
(λα)′ +
λB2
4π
(
ιω
α
− ιku)] + c4[(ρ+ p)γ4u{(1 + 4γ2V 2)
×uu′ + 4V V ′(1 + γ2V 2)}+ (ρ+ p)γ2(1 + γ2V 2)(−ιω
α
+ ιku)
+γ2u(1 + 2γ2V 2)(ρ′ + p′) +
B2uα′
4πα
− B
2
4π
(
ιω
α
− ιku)]
−c6 B
2
4πα
[αuu′ + α′(1 + u2) + (1 + u2)ιkα] = 0, (2.27)
c1[ργ
2{az + (1 + γ2u2)uu′ + γ2u2V V ′}+ γ2u2(ρ′ + ιkρ)]
+c2[pγ
2{az + (1 + γ2u2)uu′ + γ2u2V V ′}+ (1 + γ2u2)
×(p′ + ιkp)] + c3[(ρ+ p)γ2{(1 + γ2u2)(−ιω
α
+ ιku)
+u′(1 + γ2u2)(1 + 4γ2u2) + 2uγ2(az + (1 + 2γ
2u2)V V ′)}
+2γ2u(1 + γ2u2)(ρ′ + p′) +
λB2u
4πα
(λα)′ − λ
2B2
4π
(
ιω
α
− ιku)]
+c4[(ρ+ p)γ
4{(−ιω
α
+ ιku)uV + u2V ′(1 + 4γ2V 2) + 2V (az
+(1 + 2γ2u2)uu′)}+ 2γ4u2V (ρ′ + p′) + λB
2
4π
(
ιω
α
− ιku)
−λB
2uα′
4πα
] + c6[
B2
4πα
{−(λα)′ + α′λ− uλ(uα′ + u′α)}
+
λB2
4π
(1 + u2)ιk] = 0, (2.28)
c1{(−ιω
α
γ2 + ιkuγ2 + 2uγ2az + γ
2u′)ρ+ uρ′γ2}+ c2{(ιω
α
(1− γ2)
+ιkuγ2 + 2γ2uaz + γ
2u′)p+ uγ2p′}+ c3γ2{(ρ′ + p′) + 2
×(2γ4uu′ + az + 2γ2u2az)(ρ+ p) + (1 + 2γ2u2)(ρ+ p)ιk + λB
2
4πα
×(λu− V )ιω + αλ′}+ c4[2(ρ+ p)γ2{(uV ′ + 2uV az + u′V ) + uV ιk}
+
B2
4πα
(V − uλ)ιω − αλ′] + c6[ B
2
4πα
{(ιωu+ ιαk)(λu− V )− αλ′
+uV ιαk}] = 0. (2.29)
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3 Rotating Non-Magnetized Background
In the rotating non-magnetized plasma flow, we take B = 0 = λ and c5 =
0 = c6 in the Fourier analyzed perturbed GRMHD equations ((2.26)-(2.29))
[36].
3.1 Numerical Solutions
To determine numerical solutions of the Fourier analyzed equations in rotat-
ing non-magnetized background, we assume
• Specific enthalpy: µ =
√
1+α2
2
,
• Time lapse: α = z
2rh
,
• Velocity components: u = V, x and z-components of velocity yield
u = V = − 1√
z2+2
,
• Stiff fluid: ρ = p = µ
2
,
• Lorentz factor: γ = 1√
1−u2−V 2 =
√
z2+2
z
,
where rh is the SdS event horizon greater than that of the Schwarzschild
event horizon and rh ≈ 2M
(
1 + 4M
2
l2
+ ...
)
⋍ ζ2.948km, 1 6 ζ 6 1.5 [23]. It
is known that strong gravity of black hole plays an important role to perturb
plasma present in its surroundings which causes the plasma wave propagation
around black holes. The frequency dependence effects in wave propagation
leads to the dispersion, i.e., the phenomenon in which phase or group velocity
of the wave depends upon the frequency [38].
We consider the region 4 ≤ z ≤ 10 for wave analysis considering that
event horizon is exactly at z = 0. The determinant of the coefficients of
constants of the corresponding equations for the rotating non-magnetized
plasma yields a complex dispersion relation. The real part of the determinant
gives a quartic equation in k
A1(z)k
4 + A2(z, ω)k
3 + A3(z, ω)k
2 + A4(z, ω)k + A5(z, ω) = 0 (3.30)
which yields two real and two imaginary roots. A cubic equation in k is
obtained from the imaginary part of dispersion relation
B1(z)k
3 +B2(z, ω)k
2 +B3(z, ω)k +B4(z, ω) = 0 (3.31)
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which provides three real roots. The wave vector, refractive index, its change
with respect to angular frequency, group velocity and phase velocity lead to
the wave properties of the SdS black hole in the presence of Veselago medium.
These are shown by graphical representation in Figures 1-5 expressing real
values of k in Eqs.(3.30) and (3.31).
The dispersion is normal if phase velocity is greater than the group veloc-
ity, otherwise anomalous [38] or equivalently dispersion is normal if change in
refractive index with respect to angular frequency is positive and anomalous
otherwise. The information about energy exchange within the magnetosphere
can be extracted only where the dispersion is normal. It is clear from figures
that some waves move towards the event horizon and some move away from
the horizon. The dispersion is normal in Figures 2, 3 and 5, while Figures
1 and 4 indicate normal as well as anomalous at random points of the re-
gion. The wave properties of non-magnetized hot plasma are illustrated in
the tables I and II.
Table I. Direction and refractive index of waves
Fig. Direction of Waves Refractive Index (n)
n < 1 and decreases in the region
1 Move towards the event horizon 4 ≤ z ≤ 9, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and increases in the region
2 Move away from the event horizon 4 ≤ z ≤ 9.8, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and increases in the region
3 Move towards the event horizon 4 ≤ z ≤ 5.8, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and decreases in the region
4 Move towards the event horizon 4 ≤ z ≤ 8.8, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and increases in the region
5 Moves away from the event horizon 4 ≤ z ≤ 5.8, 0 ≤ ω ≤ 10
with the decrease in z
The regions for anomalous and normal dispersion for figures exhibiting ran-
dom dispersion are separated as follows:
Table II. Regions of normal and anomalous dispersion
11
Fig. Normal dispersion Anomalous dispersion
1 4.6 ≤ z ≤ 10, 0 ≤ ω ≤ 10 4 ≤ z ≤ 4.5, 0.1 ≤ ω ≤ 2.1
4 4.7 ≤ z ≤ 10, 1 ≤ ω ≤ 10 4 ≤ z ≤ 4.5, 0 ≤ ω ≤ 3.5
4 Plasma Flow With Rotating Magnetized
Background
Here plasma is considered to be rotating and magnetized. The flow is sup-
posed to be in two dimensions, so the magnetic field and velocity of fluid lie in
xz-plane. Equations (2.23)-(2.29) represent the perturbed Fourier analyzed
GRMHD equations for the rotating magnetized plasma.
4.1 Numerical Solutions
The assumptions for velocity, lapse function and specific enthalpy are the
same as in the previous section. We put the following restrictions on magnetic
field to find numerical solutions.
• B2
4pi
= 2 with u = V
• putting V F = 1 in Eq.(2.11) so that λ = 1 +
√
2+z2
z
.
Again our region of consideration is 4 ≤ z ≤ 10 and 0 ≤ ω ≤ 10. Equa-
tions (2.24)-(2.25) yield c5 = 0. The dispersion relation, originated from the
determinant of the Fourier analyzed form, gives the real part
A1(z)k
4 + A2(z, ω)k
3 + A3(z, ω)k
2 + A4(z, ω)k + A5(z, ω) = 0 (4.1)
which provides four roots, all are imaginary. The imaginary part of the
dispersion relation
B1(z)k
5 +B2(z, ω)k
4 +B3(z, ω)k
3 +B4(z, ω)k
2 +B5(z, ω)k
+B6(z, ω) = 0 (4.2)
yields five roots of k, three real and two complex. The real roots indicate wave
propagation in the region 4 ≤ z ≤ 10 and 0 ≤ ω ≤ 10, shown in Figures 6-8.
The waves are directed towards the event horizon given in Figure 6, move
away from the event horizon as shown in Figures 7 and 8. The dispersion
12
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Figure 1: Dispersion is normal and anomalous in the region.
Surface Plot of Wave Vector
4
6
8
10
z
0
2
4
6
8
10
Ω
0
10
20
30
Surface Plot of refractive Index
4
6
8
10
z
0
2
4
6
8
10
Ω
-3
-2.5
-2
Surface Plot of D@n,ΩD
4
6
8
10
z
0
2
4
6
8
10
Ω
0
0.002
0.004
0.006
Surface Plot of Phase Velocity
4
6
8
10
z
0
2
4
6
8
10
Ω
0
0.2
0.4
Surface Plot of Group Velocity
4
6
8
10
z
0
2
4
6
8
10
Ω
-0.5
-0.4
-0.3
Figure 2: Whole region exhibits the normal dispersion.
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Figure 3: Normal dispersion of waves is observed.
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Figure 4: Random points of normal and anomalous dispersion are found in
the region.
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Figure 5: Whole region admits normal dispersion.
is normal as well as anomalous at random points in Figures 6 and 8, while
Figure 7 indicates normal dispersion in the whole region. The tables III and
IV summarize the results deduced from these figures.
Table III. Direction and refractive index of waves
Fig. Direction of Waves Refractive Index (n)
n < 1 and decreases in the region
6 Move towards the event horizon 6.95 ≤ z ≤ 7.3, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and increases in the region
7 Move away from the event horizon 4.3 ≤ z ≤ 4.7, 0 ≤ ω ≤ 10
with the decrease in z
n < 1 and increases in the region
8 Move away from the event horizon 4.4 ≤ z ≤ 4.9, 0 ≤ ω ≤ 10
with the decrease in z
The regions of normal and anomalous dispersion for the roots exhibiting
random dispersion can be separated as follows:
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Figure 6: Normal and anomalous dispersion of waves is observed.
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Figure 7: Waves disperse normally in the whole region.
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Figure 8: Waves exhibit normal as well as anomalous dispersion at random
points.
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Table IV. Regions of random dispersion
Fig. Normal dispersion Anomalous dispersion
4 ≤ z ≤ 7, 2 ≤ ω ≤ 10 7 ≤ z ≤ 7.8, 1 ≤ ω ≤ 4
6 7.9 ≤ z ≤ 10, 3 ≤ ω ≤ 10
5.7 ≤ z ≤ 10, 0.5 ≤ ω ≤ 10 4 ≤ z ≤ 4.6, 0.03 ≤ ω ≤ 0.35
8 4.7 ≤ z ≤ 4.9, 0.45 ≤ ω ≤ 1.6
5 Summary
This paper is devoted to the study of dispersion modes for hot plasma sur-
rounding SdS black hole in a Veselago medium. For the formulation of
GRMHD equations in this unusual medium, we use the ADM 3 + 1 for-
malism. The strong gravitational field of black hole disturbs the flow of
surrounding plasma. To determine the impression of black hole gravity on
plasma flow, we have applied linear perturbations to the GRMHD equations.
Further, we have assumed that plasma flow is in two dimensions and evalu-
ated the component form of linearly perturbed GRMHD equations. Finally,
we have established dispersion relations for the rotating (non-magnetized and
magnetized) plasma with the help of Fourier analysis techniques.
In rotating non-magnetized plasma, waves move away from the event
horizon shown in Figures 2 and 5 while waves are directed towards the event
horizon given in Figures 1, 3 and 4. The dispersion is found to be normal
in Figures 2, 3 and 5 in the whole region. It can be noticed that Figures
1 and 4 exhibit normal as well as anomalous dispersion at random points.
For rotating magnetized background, waves are directed towards the event
horizon in Figure 6 while Figures 7 and 8 indicate that waves moves away
from the event horizon. The dispersion is randomly distributed (normal as
well as anomalous) shown in Figures 6 and 8 while Figure 7 admits normal
dispersion in the whole region.
In the usual medium, the refractive index is always greater than one but
for Veselago medium its value must be less than one. The graphs of refractive
index in all figures show that region has refractive index less than one and
increases or decreases in small regions. Also, the phase velocity is greater
than group velocity for both non-magnetized and magnetized backgrounds.
These are the prominent features of the Veselago medium which demonstrate
the validity of this unusual medium for both rotating (non-magnetized and
magnetized) background around SdS event horizon.
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We have seen that for hot plasma surrounding the Schwarzschild black
hole, most of the waves have anomalous and normal dispersion at random
points while some waves exhibit anomalous dispersion in the whole region
[36]. Moreover, most of the waves are directed away from the event horizon
of the Schwarzschild black hole. However, here we have found that disper-
sion is normal at most of the points. Thus it can be established that more
information can be extracted from magnetosphere by the inclusion of pos-
itive cosmological constant in non-rotating black hole. Also, the outcome
of SdS black hole for isothermal plasma in a Veselago medium [37] shows
wave propagation in different regions, i.e., −5 ≤ z ≤ −1, 0 ≤ ω ≤ 10 and
1 ≤ z ≤ 5, 0 ≤ ω ≤ 10. For the isothermal plasma, some waves move
towards event horizon and other move towards outer end of magnetosphere.
This comparison shows that the wave properties can be better understood
for the highly ionized, i.e., hot plasma around SdS magnetosphere.
Appendix A1
The Maxwell equations for such a medium are
∇.B = 0, (A1)
∇× E+ ∂B
∂t
= 0, (A2)
∇ · E = −ρe
ǫ
, (A3)
∇×B = −µj+ ∂E
∂t
= 0. (A4)
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The GRMHD equations for the SdS spacetime in Rindler coordinates become
∂B
∂t
= −∇× (αV×B), (A5)
∇.B = 0, (A6)
∂ρ0
∂t
+ (αV.∇)ρ0 + ρ0γ2V.∂V
∂t
+ ρ0γ
2V.(αV.∇)V
+ρ0∇.(αV) = 0, (A7)
{(ρ0µγ2 + B
2
4π
)δij + ρ0µγ
4ViVj − 1
4π
BiBj}( 1
α
∂
∂t
+V.∇)V j
−(B
2
4π
δij − 1
4π
BiBj)V
j ,k V
k + ρ0γ
2Vi{ 1
α
∂µ
∂t
+ (V.∇)µ}
= −ρ0µγ2ai − p,i+ 1
4π
(V×B)i∇.(V×B)− 1
8πα2
(αB)2,i
+
1
4πα
(αBi),j B
j − 1
4πα
[B× {V× (∇× (αV×B))}]i, (A8)
(
1
α
∂
∂t
+V.∇)(µρ0γ2)− 1
α
∂p
∂t
+ 2µρ0γ
2(V.a) + µρ0γ
2(∇.V)
− 1
4π
(V×B).(V× 1
α
∂B
∂t
)− 1
4π
(V×B).(B× 1
α
∂V
∂t
)
+
1
4πα
(V×B).(∇× αB) = 0. (A9)
References
[1] J.A. Bittencourt: Fundamentals of Plasma Physics (Springer, 2004).
[2] W. Baumjohann, R.A. Treumann: Basic Space Plasma Physics (Impe-
rial College Press, 1997).
[3] D. Raine and E. Thomas: Black Holes: An Introduction (Imperial Col-
lege Press, 2005).
[4] W. Rindler: Relativity: Special, General and Cosmological (Oxford Uni-
versity Press, 2001).
[5] A.G. Reiss et al.: Astron. 116(1998)1009.
[6] N.A. Bahcall, J.P. Ostriker, S. Perlmutter and P.J. Steinhardt: Science
284(1999)1481.
20
[7] S. Perlmutter et al.: Bull. Am. Astron. Soc. 29(1997)1351.
[8] T. Regge and J.A. Wheeler: Phy. Rev. 108(1957)1063.
[9] F.J. Zerilli: Phys. Rev. D2(1970)2141; J. Math. Phys. 11(1970)2203;
Phys. Rev. Lett. 24(1970)737.
[10] J.A. Petterson: Phys. Rev. D10(1974)3166.
[11] R.H. Price: Phys. Rev. D5(1972)2419; ibid. 2439.
[12] R.J. Gleiser, C.O. Nicasio, R.H. Price and J. Pullin: Class. Quantum
Grav. 13(1972)L117.
[13] R. Arnowitt, S. Deser, and C.W. Misner: Gravitation: An Introduction
to Current Research (John Wiley, 1962).
[14] K.S. Thorne and D.A. Macdonald: Mon. Not. R. Astron. Soc.
198(1982)339; ibid. 345.
[15] L. Smarr and J.W.Jr. York: Phys. Rev. D17(1978)2529.
[16] W. Israel: Phys. Rev. 164(1967)1776; Commun. Math. Phys.
8(1968)245.
[17] X.-H. Zhang: Phys. Rev. D39(1989)2933.
[18] X.-H. Zhang: Phys. Rev. D40(1989)3858.
[19] V. Buzzi, K.C. Hines and R.A. Treumann: Phys. Rev. D51(1995)6663;
ibid. 6677.
[20] L. Rezolla, O. Zanotti and J.A. Font: Astron. Astrophys. 412(2003)603.
[21] Y.S. Myung: Mod. Phys. Lett. A16(2001)2353.
[22] V. Suneeta: Phys. Rev. D68(2003)024020.
[23] M.H. Ali, and M.A. Rahman: Int. J. Theor. Phys. 48(2009)1717.
[24] M. Sharif, and U. Sheikh: Gen. Relativ. Gravit. 39(2007)1437; ibid.
2095; Int. J. Mod. Phys. A23(2008)1417; J. Korean Phys. Soc.
52(2008)152; ibid. 53(2008)2198.
21
[25] M. Sharif and U. Sheikh: Class. Quantum Grav. 24(2007)5495; Cana-
dian J. Phys. 87(2009)879; J. Korean Phys. Soc. 55(2009)1677.
[26] M. Sharif and G. Mustafa: Canadian J. Phys. 86(2008)1265.
[27] M. Sharif and A. Rafique: Astrophys. Space Sci. 325(2010)227.
[28] V.G. Veselago: Sov. Phys. Usp. 10(1968)509.
[29] D.R. Smith and N. Kroll: Phys. Rev. Lett. 85(2000)2933.
[30] A. Lakhtakia, M.W. McCall, W.S. Weiglhofer, J. Gerardin and J. Wang:
Arch. Elektr. Ueber. 56(2002)407.
[31] K.Y. Bliokh and Y.P. Bliokh: Physics-Uspekhi. 47(2004)393.
[32] T.G. Mackay and A. Lakhtakia: Current Science 90(2006)641.
[33] P.M. Valanju, R.M. Walser and A.P. Valanju: Phys. Rev. Lett.
88(2002)187401.
[34] R.W. Ziolkowski and E. Heyman: Phys. Rev. E64(2001)056625.
[35] S.A. Ramakrishna: Rep. Prog. Phys. 68(2005)449.
[36] M. Sharif and N. Mukhtar: Astrophys. Space Sci. 331(2011)151; ibid
333(2011)187.
[37] M. Sharif and I. Noureen: Isothermal Plasma Wave Properties of
Schwarzschild de-Sitter Black Hole in a Veselago Medium (submitted
for publication).
[38] J.D. Achenbach: Wave Propagation in Elastic Solids (North-Holand
Publishing Company, 1973).
22
